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Abstract
Based on the quantum superspace construction of q-deformed algebra, we dis-
cuss a supersymmetric extension of the deformed Virasoro algebra, which is a sub-
set of the q-W∞ algebra recently appeared in the context of two-dimensional string
theory. We analyze two types of deformed super-Virasoro algebra as well as their
osp(1, 2) subalgebras. Applying our quantum superspace structure to conformal
field theory, we find the same type of deformation of affine sl(2) algebra.
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1 Introduction
The idea of q-deformation has become useful to bring rich contents into physical
models and has been identified as a suitable method to formulate a deformation of ideal
physical situation. Sometimes, the q-deformation is discussed in a connection to the so-
called quantum deformation studied in the area of mathematics and integrable systems.
The latter strictly requires non-trivial structures of Hopf algebra and Yang-Baxter equa-
tion [1]. However, in some situation which does not need the non-trivial mathematical
structures, it is much convenient to use a simple q-deformation. The typical example of
such objects is a q-oscillator, which has been used systematically everywhere as a natural
consequence that the (undeformed) harmonic oscillator is a fundamental element in a
wide range from quantum mechanics to field theory. The q-oscillators are used not only
as a convenient realization of quantum deformation [2], but also for the purpose of getting
closer to experimental consistency and more general situation [3]-[6]. Every deformation
contains its original model by construction as the special case q = 1.
For a curious example of applications of q-oscillator, we would like to mention a
realization of the q-deformed Virasoro algebra which is proposed by Curtright and Zachos
(CZ) [7]. Recently, Jevicki et. al. found a realization of one of q-deformedW∞ algebras [8]
in c = 1 matrix model using a finite representation of (q-deformed) fermion oscillators [9].
It is well known that the c = 1 matrix model is expressed by two-dimensional free fermion
theory in the double scaling limit taken by letting the size of matrix(number of fermions)
go to infinity and the lattice spacing to zero. Hence, as far as keeping the number of
fermions finite, the model corresponds to a discretized system, and we encounter the
q-W∞ algebra in the discretized theory with the connection to the fact that the free
fermion possesses the W∞ symmetry, which is related to the Virasoro constraints on
physical states. This q-deformed W∞ algebra includes the q-deformed Virasoro algebra.
In this paper, we consider a supersymmetric extension, of the original work of Cur-
tright and Zachos, introducing a quantum superspace approach [11]. Generally speaking,
commutation relations among coordinates and derivatives in quantum space are system-
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atically governed by a quantum group R-matrix [12]. We do not know yet what deformed
(CZ type) super Virasoro algebra could be realized either in a super matrix model (phys-
ical) approach [10] or even in a usual q-deformation (mathematical) approach.
To study the deformation here, we prefer to take a quantum superspace approach
rather than super q-oscillator’s one from the following background thoughts. First of all,
the non-commutativity of quantum (super)space is a likely option of unusual spacetime
structure which would be anticipated in an extremely high energy situation — it might
be a non-archimedian geometry [13] or the foam-like structure of spacetime at the Planck
scale. The q-deformation (q-regularization [14], in other words) of field theory could
provide a natural UV cut-off, and we thus suppose to have a model of non-divergent
theory, in particular, of quantum gravity. There exist some models along this line [15],[16].
Secondly, the q-oscillator is nothing but a literal deformation of the harmonic os-
cillator, and we have not got any answer to the question what fundamental or guiding
principle of deformation is behind the q-oscillator. A possible answer would seem to lie
in the world of quantum space. Quantum space geometry is determined from covariance
under the transformation by a quantum matrix group, whose matrix entries are non-
commutative numbers. Some q-oscillator shows the similar behaviour as the quantum
group covariant basis [17]. This suggests that the q-oscillator is realized on the quan-
tum space. In this sense, the quantum space approach is rather fundamental than the
q-oscillator approach is, if we assume the deformation structure of spacetime.
Our present aim is to present a method how to obtain a supersymmetric extension of
CZ algebra at the level of operator algebra of quantum superspace. Although this note
does not make a complete abstract study of the deformed superalgebra, we intend to
discuss the algebras satisfied by the real operators defined on quantum superspace.
The contents of this paper are as follows. In sect.2, we explain the notations and
formulas of our quantum superspace [18]. We present also a realization of the q-deformed
Virasoro algebra (we call CZ algebra) on the quantum superspace. For the purpose of
finding universal structures, we have to examine various choices and possibilities. In this
sense, we study two types of supersymmetric extension of CZ algebra in sect.3. In each
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case, the generators of superalgebra will be given by the set of Bn, Fn and Gr. In sect.4,
we show that Bn corresponds to the CZ generator Ln, while Fn corresponds to a non-
linear deformation term made of bilinear combination of Gr. According to this structure,
we summarize the general prescription how to construct a supersymmetric extension of
CZ algebra. Sect. 5 contains for reference a short observation of a map relation, through
q-oscillator representations, between one of our deformed osp(1, 2) subalgebras and the
Drinfeld-Jimbo type deformation [24]. In sect.6, we append an example of application
of quantum superspace to a physical system. Applying an algebraic structure of the
quantum superspace to free field representation of conformal field theory, we derive the
CZ type deformations of sl(2) and affine sl(2) current algebras. Sect.7 is conclusion.
2 Quantum superspace and CZ algebra
We deform the centerless N = 1 super Virasoro algebra (for example [19])
[Ln,Lm] = (n−m)Ln+m, (2.1)
[Lm,Gr] = (
1
2
m− r)Gm+r, (2.2)
{Gr,Gs} = 2Lr+s, (2.3)
and its subalgebra osp(1, 2) using coordinates and derivatives on quantum superspace.
Our method is to deform a differential operator realization through replacing the un-
deformed differential operator with quantum superspace’s one. The same method was
applied to eq.(2.1) using a bosonic quantum space to obtain the CZ algebra [20]. In this
paper, we consider the following two types of undeformed realization: we call the first
type for
Ln = −x
n(
n+ 1
2
θ∂θ + x∂x), Gr = x
r+1/2(∂θ − θ∂x), (2.4)
and the second type for
L′n = −x
n+1∂x −
n
2
xnθ∂θ, G
′
r = x
r(∂θ − xθ∂x), (2.5)
where these x and θ are obviously undeformed.
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In what follows, we suppose that each of x and θ etc. expresses quantum superspace
notation. The commutation relations of our quantum superspace are [18] defined by
(θ)2 = (∂θ)
2 = 0, xθ = qθx, ∂x∂θ = q
−1∂θ∂x,
∂xx = 1 + q
−2x∂x, ∂θθ = 1− θ∂θ + (q
−2 − 1)x∂x, (2.6)
∂xθ = q
−1θ∂x, ∂θx = q
−1x∂θ.
Since we need some amount of calculation as expected from the above awkward commu-
tation relations, we first list up useful formulas for convenience (n ∈ Z or Z+ 1/2)
∂xx
n = q−2nxn∂x + q
−n+1[n]xn−1, (2.7)
θ∂θx
n = q−2nxnθ∂θ, (2.8)
θ∂θ∂x = q
2∂xθ∂θ, (2.9)
and introduce the scaling operator µ
µ ≡ ∂xx− x∂x = 1 + (q
−2 − 1)x∂x, (2.10)
which satisfies
µx = q−2xµ, µ∂x = q
2∂xµ, (2.11)
[µ, θ] = [µ, ∂θ] = 0. (2.12)
The following are also useful
∂θθ = µ− θ∂θ, (2.13)
∂xx
n = −q−2n+1xn−1
µ− q2n
q − q−1
, n 6= 0, (2.14)
(θ∂θ)
n = µn−1θ∂θ. (2.15)
We introduce the following fundamental deformed operators, which will form the bases
of super CZ algebra:
Bn = −q
−1xn+1∂x, (2.16)
Fn = −gnx
nθ∂θ, (2.17)
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where gn is a q-dependent constant (which will be determined later) and supposed to be
reduced to the coefficient of θ∂θ in (2.4) or (2.5) as q → 1. These satisfy
[Bn, Bm](m−n,n−m) = [n−m]Bn+m, (2.18)
[Fn, Fm](m−n,n−m) = 0, (2.19)
[Bn, Fm](m−n,n−m) = −q
−n[m]Fn+m. (2.20)
µ−αBnµ
α = q2nαBn, µ
−αFnµ
α = q2nαFn, (2.21)
where [n] = (qn − q−n)/(q − q−1) and
[A,B}(a,b) = q
aAB ± qbBA. (2.22)
Eqs.(2.18) and (2.19) are the CZ algebra [7] and the deformed U(1) Kac-Moody algebra,
which are derived from gl(∞,C) in [21] (To be more precise, we have to change q → q−1
and Bn → q
−nBn). Of course, Fn can be understood as a deformation of U(1)-element
which plays a part of N = 2 super Virasoro algebra. If we require that the combination
as well
Ln = Bn + Fn (2.23)
satisfies the CZ algebra (2.18), i.e.,
qm−nLnLm − q
n−mLmLn = [n−m]Ln+m, (2.24)
gn should be a solution of
q−n[m]gm − q
−m[n]gn = [m− n]gn+m. (2.25)
The general solution of (2.25) is given by
gn = aq
−2n + b, (2.26)
where a and b are n-independent arbitrary constants. For the associativity of algebra,
Ln should satisfy the following relation [22]
[m− l][Ln, Lm+l](m+l,−m−l) + cyclic perms. = 0. (2.27)
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This can be checked by using our Ln (2.23). This is nothing but a consequence of
associativity of the quantum superspace differential operators. The whole space spanned
by Ln should be divided by this relation.
3 Deformed osp(1, 2) and super CZ algebras
In this section, we consider the two types of deformation of N = 1 super Virasoro
algebra. As shall be shown, Fn appears as redundancy in these deformed superalgebras
(however it disappears when q → 1). The appearance of Fn suggests that N = 2 de-
formation might be natural in the cases of q 6= 1; in other words, our q-deformations of
the N = 1 algebra induce a deformed N = 2 super Virasoro algebra. In this sense, the
N = 1 deformations are very much non-trivial. Since the decomposition of our deformed
algebra into N = 2 algebra is an easy exercise, we shall focus our attention on the N = 1
deformed algebras. A nontrivial thing is, as shall be shown in sect.4, how to eliminate
the N = 2 algebra element Fn from our deformations.
3.1 First type deformation
Let us deform the first type (2.4). For the CZ generators Ln defined in (2.23), we
choose
gn =
1
[2]
q−n[n + 1]. (3.1)
As to a deformation of Gr, we define
Gm−1/2 = µ
−1/2xm(∂θ − θ∂x), (3.2)
and introduce the following compact notations for convenience’s sake,
G
(β)
m−1/2 = µ
−1/2xm(∂θ − q
2βθ∂x), G
(0)
m−1/2 ≡ Gm−1/2. (3.3)
Note that we can always reduce the quantity G(β)m into Gm using
G
(β)
m−1/2 = q
2mβµβGm−1/2µ
−β. (3.4)
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Under this definition of Gn, the product of two Gn’s becomes
Gm−1/2Gn−1/2 = −q
n+mxn+m∂x − q
m+1[n]xn+m−1θ∂θ. (3.5)
Now, the commutation relations among Bn, Fn and Gr are
[Bn, Gm−1/2](m−n,n−m) =
−qn−mµ
q − q−1
(
G
(m−n/2−1)
n+m− 1
2
− q2m−nGn+m− 1
2
)
− q−n[m− n]Gn+m− 1
2
, (3.6)
[Fn, Gm−1/2](m−n,n−m) =
1
[2]
qn+mµ
q − q−1
(
qn+1G
(−2n−1)
n+m− 1
2
− q−n−1G
(1)
n+m− 1
2
)
, (3.7)
and
{Gm−1/2, Gn−1/2}(0,−2n) = (1 + q
−2n)qn+m+1Bn+m−1 + [2]q
n+mFn+m−1. (3.8)
Taking the combination given by (2.23) with (3.1), we can obtain the alternative expres-
sion of (3.6) and (3.7)
[Ln, Gm−1/2](m−n,n−m) = q
n−m−2n(n+m+1) [1− n]
[2]
µ−nGn+m−1/2µ
n+1
+ q−n[n−m]Gn+m−1/2. (3.9)
It is clear that (2.24), (3.8) and (3.9) reproduce the super Virasoro algebra (2.1)-(2.3) in
the limit q → 1.
Here we remark on the closure of the algebra. As will be shown in sect.4, the Bn and
Fn terms on RHS of (3.8) can be understood as Ln and Gn terms. In addition, we should
notice the following relation
µ = 1− q−1(q−2 − 1)G1/2G−1/2. (3.10)
Every algebraic relation is hence expressed only by Bn, Fn and Gr, and the super algebra
is closed concerning Bn,Fn and Gr (and thus Ln and Gr). Terms including µ produce
non-linear deformation terms. It may be interesting to note also that
∂x = −qL−1, (3.11)
θ∂θ = q
−1[G1/2, G−1/2]. (3.12)
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Let us look at the osp(1, 2) subalgebra deformation, restricting s, r = ±1/2, n = 0,±1.
The above situation of Bn and Fn becomes much simpler in this case. In fact, eq.(3.8)
becomes
{Gr, Gs}(s−r,r−s) = q
2+r+s(qs−r + qr−s)Lr+s, (3.13)
which contains the independent relation as well as the subordination relations of L±1 to
G±1/2:
{G1/2, G−1/2}(−1,1) = q
2[2]L0, (3.14)
(G−1/2)
2 = qL−1, (G1/2)
2 = q3L1. (3.15)
Eq.(3.15) means that L±1 are not independent elements of the deformed osp(1, 2) alge-
bra any more. This situation is exactly the same as that of the standard deformation of
osp(1, 2) [23]. The remaining commutation relations following from (3.9) are the inde-
pendent relations between L0 and G±1/2,
[L0, G−1/2] =
1
[2]
G−1/2µ, (3.16)
[L0, G1/2](0,−2) = −q
−1G1/2 + q
−2 1
[2]
G1/2µ, (3.17)
and the subsidiary relations
[L±1, G±1/2] = 0, (3.18)
[L±1, G∓1/2](0,±2) = ±G±1/2. (3.19)
The deformed osp(1, 2) algebra which consists of three (anti-)commutation relations
(3.14), (3.16) and (3.17) is generated by L0 and G±1/2, and the subordination relations
(3.15) exclude L±1 from these commutation relations.
3.2 Second deformation
We repeat the similar observation on the deformation of the second type (2.5). Let
us define the deformed operators
G′r = µ
−1/2xr(∂θ − xθ∂x), L
′
n = Bn + F
′
n, (3.20)
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where F ′n are defined with the following choice of gn
g′n = q
−n/2[
n
2
]. (3.21)
Note L′n do not satisfy the CZ algebra (2.24). Instead, they satisfy
[L′n, L
′
m](m−n,n−m) = [n−m]L
′
n+m −
[n]− [m]− [n−m]
[n+m
2
](q − q−1)
q−(n+m)/2F ′n+m, (3.22)
where the second term will be shown to be composed of Gr as remarked before. The
counterparts of (3.4) and (3.5) are 4
µ−αGrµ
α = q2rαGr, (3.23)
GrGs = −q
r+s+1xr+s+1∂x − q
r+2[s]xr+sθ∂θ, (3.24)
where µ is connected to L0 by the relation
µ = 1 + (q − q−1)L0. (3.25)
Eq.(3.23) seems favorable rather than the former case (3.4) because of no appearance of
non-linear term in the commutation relation between Ln and Gr (c.f. (3.9))
[Ln, Gr](r−n
2
,n
2
−r) = q
−n[
n
2
− r]Gn+r. (3.26)
The other relations are
{Gr, Gs}( s−r
2
, r−s
2
) = q
r+s+2(q
s−r
2 + q
r−s
2 )Lr+s, (r = ±s) (3.27)
{Gr, Gs}(0,−2s) = (1 + q
−2s)qr+s+2Br+s + q
2(1 + qr+s)Fr+s. otherwise (3.28)
It is clear that (3.26), (3.27) and (3.28) are reduced to (2.2) and (2.3) in q → 1. Obviously
(3.22) recovers the Virasoro algebra (2.1) when q → 1. Thus (3.26)-(3.28) and (3.22) form
a supersymmetric extension of CZ algebra in the same sense as the first type deformation.
4In the following sections, we express L′
n
(G′
r
) simply by Ln (Gr) as far as no attention.
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The subalgebra structure of this deformed superalgebra is as follows. The su(1, 1)
subalgebra deformation reads
[Ln, L0](−n,n) = [n]Ln (3.29)
[L1, L−1](−2,2) = [2]L0 − q
−2(q
1
2 − q−
1
2 )[
1
2
][G1/2, G−1/2], (3.30)
where n can be extended to an arbitrary integer. Up to the non-linear terms on RHS of
the above equations, these coincide with the su(1, 1) part of the CZ algebra. Again, L±1
are given by G±1/2 through the same relations as (3.15), and the above su(1, 1) parts are
covered by the following independent (anti-)commutation relations
{G1/2, G−1/2}(− 1
2
, 1
2
) = q
2(q1/2 + q−1/2)L0, (3.31)
[L0, Gr](r,−r) = [−r]Gr. (3.32)
Differently from the first type deformation, the deformed osp(1, 2) commutation relations
are now linear forms. Instead, the CZ algebra acquires non-linear deformation terms seen
in (3.22). In the next section, we give the interpretation of Bn and Fn, which are given
by Gr bilinear forms.
4 General prescription of N = 1 super CZ algebra
In this section, we give a general prescription of obtaining a super CZ algebra. First,
let us explain our idea how the bases of super CZ generators are chosen in the second type
case (one can repeat exactly the same consideration for the first type deformation). It
is notable that L±1 are no more independent elements in the deformed osp(1, 2) algebra
through the relations (3.15), but their degrees of freedom correspond to bilinear terms
of G±1/2. We formally generalize this idea to Ln, n 6= 0, and thus we regard that our
supersymmetric extension of CZ algebra consists of only L0 and Gr. Namely, from (3.27),
Ln = q
−n−2(Gn/2)
2, n 6= 0, (4.1)
we formally drop every Ln (n 6= 0) away from the commutation relations (3.22), (3.26)-
(3.28). Strictly speaking, we can merely drop either odd or even modes. However resulting
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expressions obtained from (4.1) with the use of anti-commutators of Gr can be general-
ized to even/odd modes. This occurs in the undeformed case as well. As a result, the
remaining commutation relations determine the superalgebra: i.e., (3.28) and
{Gr, G−r}(−r,r) = (q
−r + qr)q2L0, (4.2)
[L0, Gr](r,−r) = −[r]Gr. (4.3)
Now, the only question is how to interpret the Bn and Fn appeared in (3.28) (or (3.8)
in the first type). Fortunately, an arbitrary linear combination of Bn and Fn can be
expressed in terms of the new bases
Bn ≡ (Gn/2)
2 = −qn+1xn+1∂x − q
2+n/2[
n
2
]xnθ∂θ, (4.4)
Fn ≡ G(n+1)/2G(n−1)/2 = −q
n+1xn+1∂x − q
(n+5)/2[
n− 1
2
]xnθ∂θ, (4.5)
where the second equality in each equation is clear from (3.24). Obviously, these are
nothing but certain recombination of Bn and Fn. Therefore any closed algebra on Bn
and Fn is a closed algebra on Ln and Gr, and it acquires non-linear deformation terms.
Here we comment on the general features of the super CZ algebras: (i) We could have
used other elements to define Fn, for instance, Fn = Gn−rGr. There are many choices
of Fn and accordingly a variety of super CZ algebras. It is still an open question which
choice of Fn is convenient or essential for {Gr, Gs} deformation. (ii) Nevertheless, it is
clear that the Bn term gives the Ln term (because of (4.1)), and the Fn term gives a
non-linear deformation term which disappears in q → 1. (iii) The general program to
construct a super CZ algebra is as follows. First, define Gr operators using quantum
superspace operators and calculate the GrGs product. Secondly, define Bn and Fn as Gr
bilinear forms. Then we can solve Bn and Fn (with an appropriate gn) in terms of B and
F . This trivially defines the CZ operators Ln of (2.23) in terms of Gr. Finally, in terms
of Ln, Gr and Fn, rewrite Bn and Fn terms which still remain in the (anti-)commutation
relations. This gives a super CZ algebra which is closed on Ln and Gr. Note that even
if one calculates these commutation relations starting with the L′n operator which is
different from the CZ operator Ln, L
′
n can always be re-expressed in terms of Ln and Fn.
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5 q-oscillator representation of deformed osp(1, 2)
We put a short note on the relation of our q-osp(1, 2) to the standard one [23],[24],
which possesses a Hopf algebra structure, via relationship between the following two
different deformed harmonic oscillators. For convenience, we use the word q-oscillator to
stand for the relation
αα† − qα†α = 1, (5.1)
and p-oscillator to stand for [2]
aa† − p−1a†a = pN , [N, a] = −a, [N, a†] = a†, (5.2)
with the relations
a†a = [N ]p, aa
† = [N + 1]p, (5.3)
where
[X ]p ≡
pX − p−X
p− p−1
, (5.4)
and we choose the value of p-oscillator’s Casimir to be zero for simplicity. The standard
q-osp(1, 2) algebra (for example see [24]) is
[H, V±] = ±
1
2
V±, {V+, V−} = −
1
4
[2H ]p. (5.5)
This algebra is given by the trivial renormalization of the p-oscillator [25]
V+ =
1
2
√
p1/2 + p−1/2
a†, V− =
−1
2
√
p1/2 + p−1/2
a, H =
1
2
(N +
1
2
). (5.6)
On the other hand, our deformed osp(1, 2) of the second type given in eqs.(4.2) and (4.3)
can be realized by the q-oscillator
L0 = c0(q
−1αα† + α†α), G−1/2 = cα
†, G1/2 = cα, (5.7)
where
c0 =
1
q−1 + 1
q1/2[
1
2
]q, c =
√
q5/2[
1
2
]q. (5.8)
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Using the connection between these oscillators [17]
α = qN/4a, α† = a†qN/4, p = q−1/2, (5.9)
we can realize the following mapping relations on the p−oscillator Fock space
L0 =
c0
q1/2 − q−1/2
(2q2H−1 − q−3/2 − q−1/2), (5.10)
G−1/2 = 2c
√
(q1/4 + q−1/4)V+q
(4H−1)/8, (5.11)
G1/2 = 2c
√
(q1/4 + q−1/4)q(4H−1)/8V−. (5.12)
Thus, our q-osp(1, 2) algebra is a linearized version of (5.5) in this representation. The
reverse mapping is also found in the similar way,
H =
−1
4
logp
1
2
(p2 + 1− p(p2 − p−2)[2]pL0) +
1
4
, (5.13)
V+ =
1
2
√
p5[2]p
p1/2 + p−1/2
G−1/2
{
1
2
(p2 + 1− p(p2 − p−2)[2]pL0)
}−1/4
, (5.14)
V− =
1
2
√
p5[2]p
p1/2 + p−1/2
{
1
2
(p2 + 1− p(p2 − p−2)[2]pL0
}−1/4
G1/2. (5.15)
6 Deformed affine current algebra
This section concerns a simple analogy of conformal field theory, defining free fields
associated with our quantum superspace. We have obtained the differential operator
realizations of deformed osp(1, 2) algebra on the quantum superspace. We can apply this
realization to the relation between free field and differential operator representations [26];
i.e.
J+ = −β, (6.1)
J− = βγ2 + α+γ∂φ + γcb− k∂γ + (k + 1)c∂c, (6.2)
J3 = −βγ − 1/2α+∂φ − 1/2cb, (6.3)
j+ = b− βc, (6.4)
j− = γ(b− βc)− α+∂φc + (2k + 1)∂c, (6.5)
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and
D− = −∂x, (6.6)
D+ = x2∂x − 2jx+ xθ∂θ, (6.7)
D3 = −x∂x + j − 1/2θ∂θ, (6.8)
G−1/2 = ∂θ − θ∂x, (6.9)
G1/2 = x(∂θ − θ∂x) + 2jθ, (6.10)
where the conformal weights of fermions (b, c) and bosons (β, γ) are (1, 0). The above
osp(1, 2) currents (Ja, jb) are translated into (Da,Gb) by the replacement (β, γ)→ (∂x, x),
(b, c) → (∂θ, θ) and
1
2
α+∂φ → −j. In this translation, the c∂c and ∂γ terms should be
regarded as quantum corrections which cancel a redundant pole structure of OPEs.
Since the first type operators resemble eqs.(6.6)-(6.8) (for simplicity we discuss the
sl(2) part only),
L−1 = −q
−1∂x, (6.11)
−L1 = q
−1x2∂x + q
−1xθ∂θ, (6.12)
L0 = −q
−1x∂x −
1
[2]
θ∂θ, (6.13)
we assume the following forms from the translation prescription
J+ = −q−1β, (6.14)
J− = q−1γ2β + q−1γcb− kq∂γ + (k + 1)qc∂c + α˜+γ∂φ, (6.15)
J3 = −q−1γβ −
1
[2]
cb− Aα+∂φ, (6.16)
where kq, (k + 1)q, A, α˜+, α+ are constants, which will be fixed later. The correction
terms and a scalar field φ are added. Hereafter all the free fields should be regarded as
deformed fields. The commutation relations of the free fields are translated from those
of the quantum space (2.6): For z 6= w,
c(z)2 = b(z)2 = 0, c(z)γ(w) = q−1γ(w)c(z), β(z)b(w) = q−1b(w)β(z), (6.17)
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β(z)γ(w) = q−2γ(w)β(z), b(z)c(w) = q−2c(w)b(z), (6.18)
β(z)c(w) = q−1c(w)β(z), b(z)γ(w) = q−1γ(w)b(z), (6.19)
whereas β (b) and γ (c) (anti-)commute each other at the same point z = w,
β(z)γ(z) = γ(z)β(z), b(z)c(z) = −c(z)b(z). (6.20)
Eqs.(6.20) correspond to the 1’s which appear in the original commutation relations (2.6).
Note also that we have slightly modified the cγ and bc relations (c.f. eq.(2.6)). Using
these relations, we verify the following
J+(z)J−(w) = q−4J−(w)J+(z), (6.21)
J3(z)J−(w) = q−2J−(w)J3(z), (6.22)
J3(z)J+(w) = q2J+(w)J3(z), (6.23)
which are exact relations up to the correction term c∂c. If we want entirely holding
relation including the correction term, we have to assume (k + 1)q to be a quantum
constant which satisfies
cb(k + 1)q = q
2(k + 1)qcb, (6.24)
and the correction term c∂c is then harmless to (6.22). Although we do not impose such
quantum relations on other constants anymore, this concept is in common with quantum
matrix group theory. The modification, mentioned below (6.20), of cγ and bc relations is
necessary to eq.(6.22).
Let us investigate the pole structures of the deformed sl(2) currents. In the first place,
we need to know the pole structures of the free fields. From consistency with (2.6), of
course as well as with the commutation relations (6.17)-(6.19), the pole structures of the
free fields can be determined
β(z)γ(w) =
1
z − w
, γ(z)β(w) =
−q2
z − w
, (6.25)
b(z)c(w) =
1
z − w
, c(z)b(w) =
q2
z − w
, (6.26)
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and we assume
φ(z)φ(w) = +log(z − w). (6.27)
We adopt the commutation relations of φ such that the relations (6.21) and (6.22) hold
φ(z)β(w) = q2β(w)φ(z), φ(z)γ(w) = q−2γ(w)φ(z). (6.28)
Now, we can calculate OPEs among the currents and verify the relations (6.21)-(6.23)
at the level of pole structures (up to regular terms). We must note the following rule for
power contractions when performing Wick contractions:
β(z)γ(w)n = (1 + q−2 + ..... + q−2(n−1))
1
z − w
γ(w)n−1 =
q−n+1[n]
z − w
γ(w)n−1, (6.29)
and the similar rule applies to a product of b c fields, for example,
b(z)c(w)∂c(w) =
1
z − w
∂c(w)−
q−2
(z − w)2
c(w). (6.30)
Keeping these rules in mind, we finally obtain
q−1J3(z)J+(w) = qJ+(w)J3(z) =
1
z − w
J+(w), (6.31)
qJ3(z)J−(w) = q−1J−(w)J3(z) =
−1
z − w
J−(w), (6.32)
q2J+(z)J−(w) = q−2J−(w)J+(z) =
[2]
z − w
J3(w), (6.33)
J3(z)J3(w) =
[2]−1d
(z − w)2,
(6.34)
where A, d and kq are fixed
A =
q
[2]
, (6.35)
d = −[2] +
q2
[2]
+
q2
[2]
α2+, (6.36)
kq = −[2] +
1
[2]
+
1
[2]
α˜+α+ = 0. (6.37)
Here, kq = 0 is imposed in order that the first equality of (6.33) holds concerning higher
singularity. It can be shown from (6.31)-(6.34) that the mode expansions of the deformed
currents
Ja(z) =
∑
n∈Z
Janz
−n−1 (6.38)
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satisfy the CZ type deformation of affine sl(2) algebra
[J+n , J
−
m](2,−2) = [2]J
3
n+m, (6.39)
[J3n, J
+
m](−1,1) = J
+
n+m, (6.40)
[J3n, J
−
m](1,−1) = −J
−
n+m, (6.41)
[J3n, J
3
m] =
n
[2]
dδn+m,0. (6.42)
The situation of d and kq considerably differs from conformal field theory (q = 1 case).
In the case of q = 1, we have d = kq, and kq is not zero generally. Let us put d = kq.
Irrespectively of the value of kq, we find
α˜+ = q
2α+ + (1− q
2)α−, (6.43)
where α+α− = −1 is used [27]. It may be interesting that the coefficient of the correction
term γ∂φ is given by an average of screening charges α±.
Finally, let us observe the case of non-super quantum space. Dropping b and c fields
from the above arguments, we get
d = −[2] +
q2
[2]
α2+, kq = −[2] +
1
[2]
α˜+α+ = 0, (6.44)
and d = kq means
α˜+ = q
2α+. (6.45)
In this case, the quantum differential operators corresponding to Da (a = ±, 3) are
D− = −q−1∂x, (6.46)
D+ = q−1x2∂x − q
−1x(2j)q, (6.47)
D3 = −q−1x∂x +
1
[2]
(2j)q, (6.48)
where (2j)q is again the quantum constant such that
x(2j)q = q
2(2j)qx, ∂x(2j)q = q
−2(2j)q∂x. (6.49)
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Da satisfy the following commutation relations, which are essentially the same as the
subalgebra of CZ algebra.
[D+, D−](−2,2) = −[2]D
3, (6.50)
[D3, D+](1,−1) = −D
+, (6.51)
[D3, D−](−1,1) = D
−. (6.52)
7 Conclusion
We have presented the general construction method of N = 1 super CZ algebra based
on quantum superspace differential operators, after analyzing two types of superalgebra.
Then we have shown a few examples of its subalgebra realizations in the q-oscillator and
in conformal field theoretical analogy, where quantum space structure was crucial.
Although we did not specify abstract and unique commutation relations on super gen-
erator parts, we have found several useful and universal structures of super CZ algebras
as discussed in sect. 4. First of all, the CZ generators can always be given in automatic
way by the base elements Bn and Fn, which are nothing but bilinear combinations of Gr
operators. This means that we do not have to take care of the CZ generators at the be-
ginning stage of supersymmetric extension. All what we have in mind is the only algebra
of Gr. Namely, the Gr algebra determines the whole structure of super CZ algebras. This
situation is similar to the undeformed case. The remaining key point is how to define
convenient Gr operators which will lead to simple commutation relations.
Secondly, our super CZ algebras acquire non-linear deformation terms since the Fn
corresponds to a non-linear deformation term in the superalgebra. On the other hand,
Bn corresponds to a linear term of the superalgebra. The introduction of non-linear
deformation (base elements Bn and Fn) is non-trivial because of no separation between
Bn and Fn in the case of q = 1. As a result, this base structure enables the super CZ
algebras to be closed forms.
Following to these structures, we have become able to systematically approach a
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supersymmetric extension of the CZ algebra. Clearly, our method is better than a blind
calculation. This is a big step to examine many other possibilities which arise from various
definitions of Gr operators and from other quantum superspace commutators [18].
The non-linear terms are originated in the complexity of super space algebra struc-
ture, and hence we have the non-trivial question whether or not a linearized simple super
CZ algebra is possible based on the quantum superspace construction. Unfortunately, we
have not got yet any answer to this question. We do not know yet which superalgebra
is simple and suitable for arguing abstract algebraic features like the CZ generator con-
straints. If this could be solved, the similar structure as the embedding of CZ generators
into the Lie algebra type deformation [28] might be found for the superalgebra. Further-
more, the super Lie algebra type deformations of Virasoro algebra [29] might be realized
in quantum superspace operators (some of them were already realized in non-quantum
space q-differential operators [30]).
We restricted our interests to N = 1 deformations in this report. However, all/some of
these problems appeared in this paper could be solved if we consider a N = 2 extension
or two-parameter deformation of quantum superspace. Both possibilities are natural
options because Fn is N = 2 algebra element, and there is no reason of introducing a
common deformation parameter with bosonic and fermionic spaces.
In connection with some physical arguments, it would be interesting to discuss about
the possibility that the non-commutative nature of quantum space coordinates could be
related to a discrete physical system in a similar sense to matrix-model-like argument.
Also, we should consider what else would be behind the idea of quantum groups and
quantum (super)spaces. For example, q = 0 quantum group is an interesting subject [31]
in connection with the master field algebra of large N matrix model. Of course, those
who wish to apply deformed algebras to integrable systems should find Hopf algebra
structures.
Although we analyzed only a few examples, we believe that our method and formulas
will be a useful foundation toward physical applications of quantum superspaces and the
establishment of abstract algebraic results for super CZ algebras.
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